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Note On Prime Gaps And Zero Spacings
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Abstract : The note proves several related problems for the greatest lower bound liminf,
and the least upper bound limsup of the zero spacings.
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Keywords : Prime gap, Zero spacing, Zeta function, Pair correlation conjecture.
1 Introduction
The paper focuses on the problems of prime gaps and zero spacings. It draws from the
extensive literature on the theory of prime gaps and zero spacings and a prime and zero
duality principle to achieve possible solutions of several related problems such as the
greatest lower bound lim inf, the least upper bound lim sup of the zero spacings, and the
least upper bound limsup of the prime gaps (known as Cramer conjecture).
An apparently simple new idea linking the prime numbers and the zeros of the zeta func-
tion, see Section 5, and recent results in the literature of analytic number theory will be
utilized to achieve the followings results.
Theorem 1.1. There exists infinitely many pairs of consecutive zeros ρn = βn + iγn and
ρn+1 = βn+1 + iγn+1 of the zeta function ζ(s) on the critical line ℜe(s) = 1/2 such that
lim inf
n→∞
γn+1 − γn
2π/ log(γn/2π)
= 0. (1)
and
lim sup
n→∞
γn+1 − γn
2π/ log(γn/2π)
=∞. (2)
The same analysis provides the concrete bounds stated below.
Corollary 1.1. Let {1/2 + γn : n ≥ 1} be the subset of zeros of ζ(s) along the critical
line ℜe(s) = 1/2. Then
(i) There is an infinite subsequence of small zero spacings such that
γn+1 − γn ≤ c0 (log log γn)
2
(log γn)3/2
. (3)
(ii) There is an infinite subsequence of large zero spacings such that
γn+1 − γn ≥ c1 (log log γn)(log log log log γn)
(log γn)(log log log γn)2
, (4)
where c0, c1 > 0 are constants.
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Corollary 1.2. For a large integer n ≥ 1, the following statements hold.
(i) Unconditionaly, the nth prime gap satisfies the asymptotic upper bound
2 ≤ pn+1 − pn = O
(
log2 pn
)
. (5)
(ii) Assume the Riemann hypothesis. Then,
2 ≤ pn+1 − pn = O
(
log2 pn
log logn
)
. (6)
Proof. (i) Consider the strictly positive quantity pn+1−pn ≥ 2. Use Lemma 5.1 to obtain
2 ≤ pn+1 − pn
= (γn+k − γn) log
2 n
2π
(
1 +O
(
log logn
log n
))
. (7)
= O
(
log2 n
)
This unconditional upper bound follows from γn+k − γn ≪ 1. And the conditional upper
bound for the second statement follows from Theorem 4.2.
Note 2. All these results assume that every nontrivial zero of the zeta function ζ(s) is of
the form ρ = 1/2+iγ. However, since |ρn+1−ρn| = |βn+1−βn+i(γn+1−γn)| ≤ 1+γn+1−γn,
these results are valid even if some nontrivial zeros are not on the critical line ℜe(s) = 1/2.
Section 2 provides an introduction to various conjectures in the literature and establishes
the notation used throughout the paper. The technical background required in the new
results are given in Section 3 to Section 5. The proof of Theorem 1.1 appears in Section
6.
2 Various Conjectures
The nth zero of the zeta function ζ(s) in the critical strip 0 < ℜe(s) < 1 is denoted by
ρn = βn + iγn with βn, γn ∈ R, and the nth prime in the sequence of primes 2, 3, 5, . . . , is
denoted by pn.
Average Spacing And Normalized Spacing. Let {ρn = βn + iγn : n ≥ 1} be the
subsequence of zeros of the zeta function ζ(s) on the critical strip 0 < ℜe(s) < 1. The
subset {1/2 + γn : n ≥ 1} of zeros of ζ(s) coincides with the sequence of real zeros of the
entire function Z(t) = eiθ(t)ζ(1/2 + it), where θ(t) = arg ζ(1/2 + it). The imaginary γn
parts are assumed to form an increasing sequence 14 ≤ γ1 ≤ γ2 ≤ · · · ≤ γn ≤ · · · of real
numbers. The average zero spacing between the critical zeros ρ = η + it of ζ(s) in the
rectangle {s = β+ it : 0 ≤ β ≤ 1; 0 ≤ t ≤ T} is the ratio of the maximum height T > 0 to
the number N(T ) of zeros inside the aforementioned rectangle. Specifically, the average
zero spacing has the aymptotic formula
T
N(T )
=
2π
log(T/2π)
(
1− 1
log(T/2π)
+O
(
1
T
))
, (8)
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see Theorem 4.1. The normalized zero spacing is defined by
δn = (γn+1 − γn) log(T/2π)
2π
. (9)
The sequence of normalized zero spacings has the average value given by the sum δx =∑
n≤x(γn+1 − γn) log(T/2pi)2pi = 1. For more details on a more general framework for the
sequence of zeros of entire functions and the corresponding probability densities, refer to
[24]. The normalized spacings of the nontrivial zeros are believed to be random as speci-
fied by the eigenvalues distribution of N ×N random Hermitian matrices for sufficiently
large N . This arrangement matches k consecutive zeros to k eigenvalues of an N × N
random Hermitian matrix, see [27], [30] and similar papers for further details.
The limit infimum and limit supremum of the sequence of normalized zero spacings {δn =
γn+1 − γn : n ≥ 1} of the zeros of ζ(s) are defined by
µ = lim inf
n→∞
γn+1 − γn
2π/ log(γn/2π)
and λ = lim sup
n→∞
γn+1 − γn
2π/ log(γn/2π)
, (10)
respectively. Here several conjectures are listed to guide the readers on the current state
of knowledge on these topics. A few proven results are also listed.
Conjecture 2.1. ([27]) The following limits hold:
lim inf
n→∞
γn+1 − γn
2π/ log(γn/2π)
= 0 and lim sup
n→∞
γn+1 − γn
2π/ log(γn/2π)
=∞. (11)
These are also known as the Small Gap Conjecture and Large Gap Conjecture respectively.
Assuming the random matrices conjectures and the Riemann hypothesis, the limit supre-
mum has been proved in [34]. But the only unconditional result in the literature on the
existence of large spaces between the zeros of the zeta function is the following.
Theorem 2.1. ([18]) Let ρn = βn+itn be the nth critical zero of ζ(s) such that 0 ≤ ti < tj
for i < j. Then, the limit supremum of the normalized spacing satisfies the lower bound
lim sup
n→∞
γn+1 − γn
2π/ log(γn/2π)
≥ 2.630637 . . . . (12)
On the other end of the spectrum, there are a few results on the least upper bound for
liminf similar to the followings one.
Theorem 2.2. ([3]) Assume the Riemann hypothesis. Then
lim inf
n→∞
γn+1 − γn
2π/ log(γn/2π)
≤ .5172 . . . . (13)
There are several equivalent definitions of the concept of pair correlation of the zeros of a
function and its corresponding conjectures. One of them is given below, see [27], [30].
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Pair Correlation Conjecture. For any real numbers a, b with 0 ≤ a < b <∞,
N(a, b, T ) = #
{
n 6= m : 0 < γm, γn ≤ T and 2πa
log T
≤ γn − γm ≤ 2πb
log T
}
≍ N(T )
∫ b
a
(1− sin(πx)2)dx (14)
as T →∞ .
Zero Separation Conjecture. For all integers n ≤ 1 and a small real number θ > 0,
the zeros spacing satisfy the
γn+1 − γn = O
(
γ−θn
)
. (15)
This conjecture implies that the zeros of ζ(s) are simple, confer [2] for details and an
application.
Normalized Prime Gap Conjecture. The normalized prime gap has a Poisson distri-
bution, specifically,
#
{
n ≤ x : 0 ≤ pn+1 − pn
log pn
≤ t
}
=
(
1− e−t)x (16)
as x→∞, see [22, p. 266].
The above postulate is for small prime gaps pn+1− pn = O(log pn). Accordingly, it seems
that the distribution of normalized prime gaps is the same as the Poisson distribution of
normalized zero spacings.
3 Prime Numbers Results
This section provides some elementary results on prime numbers, prime gaps, and related
concepts. Let pn denotes the nth prime pn in the sequence of prime numbers 2, 3, 5, 7, . . . ,
and let
π(x) = #{p ≤ x : p prime } (17)
denotes the prime counting function, respectively.
Theorem 3.1. (DelaValle Poussin 1899) Let x > 1. Then
π(x) = li(x) +O
(
xe−c
√
log x
)
(18)
where c > 0 is an absolute constant.
The logarithm integral is defined by li(x) =
∫ x
2
1
log t
dt. The proof of the strongest version
π(x) = li(x)+O
(
xe−c(log x)
3/5(log log x)−1/5
)
of the prime number theorem is given in [21, p.
307], and the constant c = .2018 is given in [11]. Furthermore, the Riemann hypothesis
claims the sharpest version π(x) = li(x) +O
(
x1/2 log2 x
)
.
Prime Gaps And Zero Spacings — Page 5
3.1 Formula for the nth Prime
A formula for the nth prime in term of its position in the sequence of prime is stated here.
Corollary 3.1. Let n be a large number and let pn be the nth prime. Then the followings
statements are satisfied.
(i) The nth prime satisfies the inequalities
an logn ≤ pn ≤ bn log n (19)
for some constants a, b > 0.
(ii) The nth prime satisfies the asymptotic
pn = n logn
(
1 +O
(
log log n
log n
))
(20)
as the integer n→∞.
This result is readily derived from the prime number theorem. A derivation of the
complete infinite series appears in [1]. For an arithmetic progression qn ≡ a mod q,
with gcd(a, q) = 1, the nth prime qn in the progression has the asymptotic formula
qn ∼ ϕ(q)n logn, see [35] for a proof.
The prime number theorem, Theorem (3.1), implies that the nth prime has an asymptotic
expression of the form pn = n log n+O(nloglogn). The Cipolla formula specifies the exact
formula for the nth prime: pn = (n logn)f(n). The function f : N −→ R has the power
series expansion
f(n) = 1 +
log logn− 1
logn
+
log log n− 2
log2 n
− log
2 logn− 6 log log n+ 11
log3 n
+
∑
s≥3
fs(log log n)
logs+1 n
,
(21)
where
fs(x) = asx
s + as+1x
s−1 + · · ·+ a1x+ a0 ∈ Q[x] (22)
is a polynomial, logs n = (log n)s is an abbreviated notation for the sth power of the
logarithm or its iterated form respectively. For example,
f0(x) = x− 1, f1(x) = x− 2, f2(x) = −(x2 − 6x+ 11)/2. (23)
The leading coefficient as = (−1)s+1/ s of the sth polynomial fs(x) has alternating sign
for s ≥ 1. Other details on the asymptotic representation of the nth prime pn are dis-
cussed in [1, p. 27], [6], and [7].
The asymptotic formula pn = n logn + o(n logn) probably can not be used to estimate
the prime gap dn = pn+1 − pn. This obstruction seems to arise from the fact that in the
difference of two consecutive primes pn+1 − pn = logn + o(n log n), which has an error
term larger than the main term.
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3.2 Primes and Prime Gaps Results
The prime gap dn = pn+1 − pn is the difference of two consecutive prime numbers, and
the maximum prime gap is defined by
dmax = max
pn≤x
{pn+1 − pn}. (24)
The average prime gap of the short sequence p1, p2, . . . , pn ≤ x is given by the asymptotic
formula
dn =
x
π(x)
= log x
(
1 +O(e
√
log x)
)
. (25)
These are important and intensively investigated local properties of the prime numbers,
see [32] for a survey.
The average statistic dn ∼ log x for pn ≤ x serves as guide on what to expect for the ex-
treme values of the prime gaps. Naturally, the interval [1, x] contains a pair of primes with
the average prime gap pn+1− pn ≈ log pn, and the maximum gap satisfies pn+1− pn ≥ dn.
3.3 Large Prime Gaps
The simplest construction of an infinite sequence of primes with potentially large prime
gaps is based on the factorial n! numbers. In the double indexed infinite sequence con-
secutive integers
n! + 1, n! + 2, . . . , n! + n, n! + n+ 1, . . . , (26)
the integer n! + 1 is a potential prime, but the block of n − 2 consecutive integers
n! + 2, . . . , n! + n are composites, and again, n! + n + 1 is a potential prime. The
factorial primes up to qn ≤ x in this sequence have a maximum prime gap of size
qn+1 − qn ≥ log x/ log log x.
An improved version of the previous infinite sequence of numbers uses the primorial
numbers pn# = 2 · 3 · 5 · · ·pn. In this infinite sequence of integers
pn#+ 1, pn#+ 2, . . . , pn#+ pn, pn#+ pn + 1, . . . , (27)
the integer pn#+1 is a potential prime, but the inner block of n− 2 consecutive integers
pn# + 2, . . . , pn# + pn are composites, and again, pn# + pn + 1 is a potential prime.
The primorial primes up to qn ≤ x in this sequence have a maximum prime gap of size
qn+1 − qn ≈ log x.
The densities of most sequences of prime numbers (algebraic and nonalgebraic) are un-
known, but can be estimated using conditional Gaussian densities. The heuristic densities
and the expected numbers of factorial and primorial primes are expounded in [5].
Despite the appearance, the prime gaps of the factorial and primorial primes are below or
at the average prime gap, viz, dn ≤ dn. The next level of complexity in the construction
of an infinite sequence of consecutive prime numbers with large prime gaps above the
average value, viz, dn ≥ dn ∼ log x, is the Westzinthius method. This method claims that
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there is an infinite sequence of primes q1, q2, q3, . . . , qn, . . . , with gaps significantly larger
than the average.
The most important technique for constructing an infinite sequence of consecutive prime
numbers with large prime gaps above the average value, viz, dn ≥ log x, is due to West-
zynthius, see [26].
Theorem 3.2. (Westzynthius) Let x > 1 be a large real number, and let pn ≤ x be the
nth prime. Then
pn+1 − pn ≥ c(log pn)(log log log pn)
log log log log pn
, (28)
where c > 0 is a constant, for infinitely many n ≥ 1 as x → ∞. In particular, the limit
supremum
lim sup
n→∞
pn+1 − pn
log pn
=∞ (29)
holds.
There are several ways of proving this result, and all these techniques use both elementary
methods and advanced complicated methods, see [28, p. 221]. The Westzynthius method
has been developed by several authors. These authors have reached concrete formulas
and resolved the implied constant, see [10], [33], [25], and [31].
Theorem 3.3. ([31]) There is an infinite sequence of pairs of consecutive primes such
that
pn+1 − pn ≥ c(log pn)(log log pn)(log log log log pn)
(log log log pn)2
(30)
for pn ≤ x, and c = 2(e+ o(1)) is a constant.
A probabilistic analysis of the prime numbers leads to the expression
lim sup
n→∞
pn+1 − pn
log2 pn
= 1, (31)
which is known as Cramer conjecture. The current version of this conjecture calls for a
larger limit of the form M = 2e−γ > 1, see [13].
3.4 Small Prime Gaps
The small prime gaps problem appears to be a much more difficult problem than the large
prime gaps problem. The greatest lower bound of the sequence of small prime gaps coin-
cides with the twin primes conjecture. The twin primes conjecture claims the existence
of infinitely many pairs of primes such that pn+1 − pn = 2.
Theorem 3.4. ([16]) The difference of consecutive primes satisfies
lim inf
n→∞
pn+1 − pn√
log pn(log log pn)2
<∞. (32)
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This is one of the closest approximation to the twin prime conjecture, it confirms the
existence of infinitely many primes pairs such that
pn+1 − pn = O
(√
log pn(log log pn)
2
)
. (33)
Clearly, this estimate is significantly smaller than the average prime gap, confer (25).
4 Zeta Zeros Results
This section provides some elementary results on zeros, and zeros spacings of the zeta
function as used in the proofs of the main results. The most common data on the zeros
of the zeta function is their density on the finite rectangle
R(T ) = {s ∈ C : −T ≤ Im(s) ≤ T, and − 1 ≤ Re(s) ≤ 1}. (34)
The relevant formula for counting the number N(T ) of zeros of the zeta function on the
rectangle in question was proposed by Riemann and proved by vonMangoldt.
Theorem 4.1. (vonMangoldt) Let N(T ) = #{s ∈ R(T ) : ζ(s) = 0} be the number of
complex zeros on the critical strip 0 < ℜe(s) < 1 such that −T ≤ ℑm(s) ≤ T . Then
N(T ) =
T
2π
log
T
2π
− T
2π
+O(log T ) + S(T ), (35)
where S(T ) = π−1arg(ζ(1/2 + it)) , and T ≥ 1.
Proof. The winding number enumerates the number of zeros of a function in a domain in
the complex plane. Hence
N(T ) =
1
2π
∫
δR(T )
ξ
′
(s)
ξ(s)
ds (36)
enumerates the number of zeros of the entire function ξ(s) = s(s− 1)π−s/2Γ(s/2)ζ(s) for
s = σ+ it such that |t| ≥ 0 inside the rectangle R(T ). The integral easily splits into three
line integrals:
1
i2π
∫
δR(T )
ξ
′
(s)
ξ(s)
ds =
1
i2π
(∫
δR1
ξ
′
(s)
ξ(s)
ds+
∫
δR2
ξ
′
(s)
ξ(s)
ds+
∫
δR3
ξ
′
(s)
ξ(s)
ds
)
=
1
2π
(
argδR1ξ(s) + argδR2ξ(s) + argδR3ξ(s)
)
, (37)
where δR1 = [1→ 2], δR2 = [2→ 2+ iT → 1/2+ iT ], and δR3 = [1/2+ iT → 1+ iT → 1]
are the directed edges of the rectangle R(T ) or equivalently the paths of the line integrals,
and the expression argδR3ξ(s) enumerates the changes in the argument of the function ξ(s)
along the curve δR. Since there is no change in the argument along the path, that is,
argδR1ξ(s) = 0, the first line integral vanishes. The second and the third are equal since
ξ(s) = ξ(1− s), so
N(T ) =
1
2π
argδR3ξ(s) =
1
π
(
argπ−s/2 + argΓ(s/2) + argζ(1/2 + it)
)
(38)
For more details see [21, p. 19], [8, p. 127], [9, p. 160].
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The real valued function S(t) = π−1arg(ζ(1/2 + it)) along the path δR2 has a prominent
place in the analysis of zeta zeros. It is known that
S(t) = O(log t) and S(t)/(2π
√
log log t) (39)
has a normal distribution, see the literature.
4.1 Formula for the nth Zero
The zero counting theorem, Theorem 4.1, immediately leads to an asymptotic formula for
the imaginary part of the nth zero.
Corollary 4.1. The critical zeros ρn = βn + iγn of ζ(s) satisfy the followings.
(i) The nth zero satisfies the inequalities
an
log n
≤ γn ≤ bn
log n
(40)
for some constants a, b > 0.
(ii) The imaginary part satisfies the asymptotic
γn =
2πn
log n
(
1 +O
(
log logn
log n
))
(41)
as the integer n→∞.
Proof. (ii) The inequality N(γn − 1) < n ≤ N(γn) and the formula for N(T ) in Theorem
4.1 imply that
n =
γn
2π
log
(γn
2π
)(
1− 2π
log(γn/2π)
+O(
1
log γn
)
)
(42)
and
log n = log
( γn
2π
)(
1 +O
(
log log γn
log γn
))
. (43)
Combine these two items to confirm the claim.
Similar details on this result appear in [9, p. 160], [21, p. 20], et cetera. In [29, p.
184] there is a proof for the nth zero ρn = βn + iγn and its corresponding inequalities
an/ logn ≤ |ρn| ≤ bn/ logn.
The zero counting theorem, Theorem (4.1), implies that the nth imaginary part of a zero
has an asymptotic expression of the form γn =
2pin
logn
+O(n log logn). The expected exact
formula for the nth imaginary part should be of the form γn = (2πn/ logn)g(n), where
the function g : N −→ R has a power series expansion
g(n) = 1 +
∑
s≥1
gs(log log n)
logs+1 n
, (44)
and
gs(x) = bsx
s + bs+1x
s−1 + · · ·+ b1x+ b0 ∈ Q[x] (45)
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is a polynomial. The leading coefficient bs = (−1)s+1/ s of the sth polynomial gs(x) is
expected to have alternating sign for s ≥ 1.
Upper Bounds For Zero Gaps. The difference γn+k−γn = k/ log(n+k)+o(n/ log n),
since the error term seems to be larger than the main term. Thus, this result is probably
not an effective way of estimating the size of the zero gap.
Theorem 4.2. ([15]) For all sufficiently large n ≥ 1, the difference of every consecutive
pair of zeros ρn = βn + iγn and ρn+1 = βn+1 + iγn+1 of the zeta function ζ(s) on the
critical line ℜe(s) = 1/2 satisfie the inequality
γn+1 − γn ≤ π
log log γn
(1 + o(1)) ≤ c, (46)
where c > 0 is a constant.
Simple Zero and Nonzero Gaps. It is known that about 66% of the zeros are simple.
More precisely, the number N1(T ) = #{0 ≤ Re(ρ) < 1 : ζ(ρ) = 0 and ζ ‘(ρ) 6= 0} of
simple zeros ρ = 1/2 + iγ of height γ ≤ T in the critical strip satisfies the inequality
N1(T ) > (2/3 + o(1))(T/2π) logT , see [27], [19, p. 568] and similar papers.
Corollary 4.2. For a large integer n ≥ 1, the nth nontrivial zero of the zeta function is
a simple zero.
Proof. It is sufficient to show that the difference of every consecutive pair of zeros ρn =
βn+ iγn and ρn+1 = βn+1+ iγn+1 has nonzero imaginary difference γn+1−γn > 0. Toward
this end, consider the strictly positive quantity pn+1 − pn ≥ 2. By Lemma 5.1, there is
the lower bound
2 ≤ pn+1 − pn (47)
=
log2 n
2π
(
1 +O
(
log logn
log n
))
(γn+k − γn)
≪ (γn+1 − γn) log2 n.
Proceed to rearrange it as
4π
log2 n
≪ (γn+1 − γn) . (48)
Since 4π/ log2 n > 0 for all integers n ≥ 1, (the smallest imaginary part is γ1 = 14.13472 . . .),
this implies that all the zeros of the zeta function ζ(s) on the critical line ℜe(s) = 1/2
are simple. Otherwise, 4π/ log2 n = 0 infinitely often, which is not plausible.
5 Prime-Zero Duality Principle
The zero counting function (the Riemann-vonMangoldt formula) and the prime counting
function (the prime number theorem) are somewhat dual mathematical concepts. For
large T ≥ 1, these functions are given by
N(T ) =
T
2π
log
(
T
2π
)
− T
2π
+O(logT ) (49)
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and
π(T ) =
T
log T
+O
(
T
log2 T
)
, (50)
respectively. One of the striking similarities between these function are the proofs, which
are almost identical, and one of the acute differences between these function is the rela-
tively small error term O(logT ) for the zeros counting function N(T ) compared to rel-
atively large error term O(T/ log2 T ) for the primes counting function π(T ). But these
differences and similarities might have important applications. To understand the under-
pinning of this principle, observe that Corollaries 3.1 and 4.1 lead to a simple spectral
result, (this idea can be generalized to other pairs of functions too). More precisely, a
transformation from the primes domain to the zeros domain. Hence, certain information
on the zeros of the zeta function (more generally L-functions) has dual corresponding
information on the prime numbers and vice versa. Accordingly, the duality principle can
be used to determine certain unknown information on the primes from certain known
information on the zeros and conversely.
A few of the dual properties of interest are described in a short prime-zero dictionary.
1. The prime gap pn+1 − pn = δ1 of two consecutive primes corresponds to the zero
spacing γn+1 − γn = ǫ1 of two consecutive zeros.
2. The sum of k consecutive prime gaps pn+k−pn = (pn+1−pn)+· · ·+(pn+k−pn+k−1) = δk
corresponds to the sum of v consecutive zero spacings γn+k − γn = (γn+1 − γn) +
· · ·+ (γn+k − γn+k−1) = ǫk
3. The prime gap qn+1 − qn = δ1 of two consecutive primes qn, qn+1 ≡ a mod q in an
arithmetic progression {qm + a : gcd(a, q) = 1, m ≥ 0} corresponds to the zero
spacing γn+k − γn = ǫk of two consecutive zeros of the corresponding L-function.
However, not every aspect of the functions N(T ) and π(T ) are well matched. Exempli
gratia, a striking difference between N(T ) and π(T ) is the error terms. The former has
a relatively small error term of logarithm size, but the latter has a large error term of
exponential size.
Lemma 5.1. (Prime-Zero-Duality) For a sufficiently large integer n ≥ 1, let pn be the
nth prime and let ρn = βn+ iγn be the nth zero of the zeta function. Then, the followings
hold independently of the small fixed integer k < n.
(i) The nth prime has the asymptotic formula
pn =
log2 n
2π
(
1 +O
(
log log n
logn
))
γn. (51)
(ii) The nth gap has the the asymptotic formula
pn+k − pn = (γn+k − γn) log
2 n
2π
(
1 +O
(
log logn
log n
))
. (52)
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Proof. (i) Let k ≥ 1 be a small fixed integer, 1 ≤ k < n. By Corollaries 3.1 and 4.1, the
ratio pn/γn has the asymptotic formula
pn
γn
=
n log n
(
1 +O
(
log log n
log n
))
2πn
logn
(
1 +O
(
log log n
logn
)) = log2 n
2π
(
1 +O
(
log log n
logn
))
. (53)
This prove the first claim.
(ii) For a small fixed k ≥ 1, the first term has this asymptotic:
pn+k =
log2(n+ k)
2π
(
1 +O
(
log log(n+ k)
log(n+ k)
))
γn+k
=
logn
2π
(
1 +O
(
k
n log n
))(
1 +O
(
log log n
log n
))
γn+k (54)
=
log2 n
2π
(
1 +O
(
log log n
log n
))
γn+k,
where
log2(n + k) = (log2 n)
(
1 +O
(
k
n log n
))
. (55)
Now, use (53) and (53) to compute the difference
pn+k − pn = log
2(n+ k)
2π
(
1 +O
(
log log(n+ k)
log(n+ k)
))
γn+k
−γn
2π
log2 n
(
1 +O
(
log logn
log n
))
(56)
=
log2 n
2π
(
1 +O
(
log logn
log n
))
(γn+k − γn) .
Lemma 5.2. (Prime-Zero-Duality) For a sufficiently large integer n ≥ 1, let pn be the
nth prime and let ρn = βn+ iγn be the nth zero of the zeta function. Then, the followings
hold independently of the small fixed integer k < n.
(i) The nth zero has the asymptotic formula
γn =
2π
log2 n
(
1 +O
(
log logn
log n
))
pn. (57)
(ii) The nth zero gap has the asymptotic formula
γn+k − γn = (pn+k − pn) 4π
log2 n
(
1 +O
(
log log n
log n
))
. (58)
Proof. (i) The ratio γn/pn has the asymptotic formula:
γn
pn
=
2πn
logn
(
1 +O
(
log log n
logn
))
n log n
(
1 +O
(
log log n
log n
)) = 2π
log2 n
(
1 +O
(
log log n
logn
))
. (59)
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This proves the first statement. (ii) For a small fixed k ≥ 1, the first term has this
asymptotic:
555γn+k =
2π
log2(n+ k)
(
1 +O
(
log log(n+ k)
log(n+ k)
))
pn+k
=
2π
log2 n
(
1 +O
(
k
n logn
))(
1 +O
(
log logn
log n
))
pn+k (60)
=
2π
log2 n
(
1 +O
(
log log n
log n
))
pn+k,
where
1
log2(n+ k)
=
1
log2 n
(
1 +O
(
k
n logn
))
. (61)
Now, use (59) and (59) compute the difference
γn+k − γn = 2π
log2(n+ k)
(
1 +O
(
log log(n+ k)
log(n+ k)
))
pn+k
− 2π
log2 n
(
1 +O
(
log log n
log n
))
pn (62)
= (pn+k − pn) 2π
log2 n
(
1 +O
(
log log n
logn
))
,
as claimed.
6 The Main Result
The simpler notation logk x = log(· · · log x · · · ) for the kfold iterate of the logarithm
function is used below.
Proof. (Proof of Theorem 1.1) (i) Let n ≥ 1 be a large integer, and consider the strictly
positive quantity pn+1 − pn ≥ 2. By Lemma 5.1, there is the lower bound
2 ≤ pn+k − pn = (γn+k − γn) log
2 n
2π
(
1 +O
(
log logn
logn
))
. (63)
This implies that the right side is nonnegative. Rearranging it, and applying Theorem
3.1 yield
(γn+k − γn) log
2 n
2π
(
1 +O
(
log2 n
logn
))
= pn+1 − pn (64)
≥ c0 (log pn)(log2 pn)(log4 pn)
(log3 pn)
2
infinitely often as n → ∞, with c0 > 0 constant. Replacing pn ≥ c1n log n ≥ n, see
Lemma 3.1, and scaling both sides by logn yields
(γn+k − γn) log n
2π
(
1 +O
(
log2 n
logn
))
= pn+1 − pn (65)
≥ c0 (log2 n)(log4 n)
(log3 n)
2
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where c0, c1, c2, c3, c4 > 0 are constants. Since the right side in the last inequality tends
to infinity as n→∞, this proofs the limit supremum part in Theorem 1.1.
(ii) Let n ≥ 1 be a large integer, and consider the strictly positive quantity pn+1−pn ≥ 2.
By Lemma 5.1-ii, there is the lower bound
2 ≤ pn+1 − pn (66)
= (γn+k − γn) log
2 n
2π
(
1 +O
(
log logn
log n
))
.
This proves that the right side is nonnegative. Rearranging it, and applying Theorem 3.2
yield
2 ≤ (γn+k − γn) log
2 n
2π
(
1 +O
(
log2 n
log n
))
(67)
= pn+1 − pn
≤ c3
√
log pn(log2 pn)
2 (68)
infinitely often as n→∞, with c3 > 0 constant. Replacing pn ≤ 2n logn, see Lemma 3.1,
and scaling both sides by log n yield
2
logn
≤ (γn+k − γn) logn
2π
(
1 +O
(
log2 n
log n
))
≤ c3 (log2 pn)
2
√
log pn
(69)
≤ c4 (log2 n)
2
√
log n
.
Since the right side in the last inequality tends to zero as n → ∞, this proofs the limit
infimum part in Theorem 1.1.
Problem
1. Use the zero counting theorem N(T ) to derive an infinite series for the nth imaginary
part of the zero γn.
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